JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS
Vol. 16, No. 3, May-June 1993

Robustness Evaluation of a Flexible Aircraft Control System

Mark R. Anderson*
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061

The structured singular value analysis technique is used to gemerate stability and performance robustness
guidelines for multivariable, flexible aircraft flight control systems. A stability augmentation and structural
mode control system, designed using the same classical technique as on the original production aircraft, is
evaluated to produce the new guidelines. Stability margins are computed for simultaneous gain and phase
uncertainty in each of the control system feedback loops. Performance weighting filters are chosen specifically
from military flying qualities specifications. The results of this research define exactly how robust a control
system of this type should be, such that any performance improvements achieved using more advanced design

techniques can be compared directly.

I. Imtroduction

ECENT advances in the development of robustness

““measures,”” primarily from singular value and struc-
tured singular value analysis techniques, allow the controls
engineer to quantify the robustness of a feedback control sys-
tem. In fact, many loop-shaping control system design tech-
niques are being considered that directly shape or minimize
some measure of robustness; examples include LQG/LTR,
HYH®>, and p synthesis. Unfortunately, research involved
with determining exactly how robust a control system should
be has not kept pace with research regarding control design
techniques that claim to yield maximum performance. As a
consequence, an often heard complaint about multivariable
control systems is that they are overdesigned. In other words,
simplicity of the control system has been sacrificed in an at-
tempt to maximize performance far beyond the level that is
actually required.

Ongoing research is beginning to reveal evaluation guide-
lines with regard to stability robustness. Specifications for sin-
gle-loop stability margins are listed in the current military
flight control system specification.! References 2 and 3 repre-
sent some of the few published results about computation of
multiloop stability margins for production flight control sys-
tems. Other results in this area will no doubt be published in
the near future as software for computation of stability robust-
ness measures becomes more readily available.

Although nominal flight control system performance is
generally specified by the military flying qualities standard,*
performance robustness guidelines have no similar formal
standard. Most existing performance robustness requirements
are generalized requirements such as the often mentioned
rule of thumb: ‘‘high gains at low frequency and low gains
at high frequency.’’ There are relatively few, if any, perfor-
mance robustness guidelines with direct ties to flying qualities
specifications.

The objective of this paper is to develop evaluation guide-
lines for robust stability and performance of a large, flexible
aircraft. The most direct method of developing the guidelines
is to study an existing, successful flight control system to deter-
mine exactly how robust it is. A multivariable flight control
system for an existing aircraft is used to develop the guidelines.
The aircraft model chosen for analysis is the B-1 bomber. The
control system under study was designed using the same (over
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20-yr old) design technique as used for the actual aircraft.
Once the guidelines have been established, the performance of
new and different designs can be compared directly using the
analysis results.

The evaluation is carried out using the relatively new struc-
tured singular value analysis technique, with weighting filters
chosen specifically to reflect design characteristics of flight
control systems. The structured singular value analysis tech-
nique is quickly becoming the accepted method for measuring
control system robustness. A general statement of the struc-
tured singular value analysis technique can be found in Ref. 5,
and computational algorithms and examples can be found in
Ref. 6. An additional attraction of using the structured singu-
lar value analysis technique is that the weighting filters devel-
oped for the analysis can also be used directly in many control
system synthesis approaches such as H* and u synthesis.

II. Study Vehicle and Control System

The longitudinal-axis linear model of the B-1 aircraft, in-
cluding 1 rigid-body mode and 10 elastic modes, is included in
Ref. 7 and will be used for this analysis. For simplicity, only
the rigid-body mode (short period) and the first two fuselage
bending modes (19.5 and 39.7 rad/s) of the original model
were retained. Both the elevator and forward control vane are
used for control. First-order actuators are assumed, with a
time constant of 1/10 s for the elevator and 1/50 s for the
control vane. The flight condition is a low-level, high-speed
run with altitude of 25 ft and Mach =0.85.

The B-1 aircraft model used for this analysis can be ex-
pressed in a linear, state-space form:

dx
— =Ax + Bu
d¢
y=Cx + Du

The model state vector is defined as x = [elevator position
(rad), control vane position (rad), angle of attack (rad), pitch
rate (rad/s), first bending mode (in.), second bending mode
(in.), first bending mode rate (in./s), and second bending
mode rate (in./s)]. The model input vector is u = [elevator
command (rad), vane command (rad), and plunge gust (ft/s)].
The model output vector is ¥ = [pitch rate c.g. (rad/s), pitch
acceleration c.g. (rad/s?), normal acceleration c.g. (g), and
normal acceleration pilot (g)]. The numerical values of the
linear model matrices A, B, C, and D are listed in Table 1.

A stability augmentation and structural mode control sys-
tem was designed for the subject aircraft using the identi-
cal location of accelerometer and force (ILAF) concept. The
ILAF design concept was developed by North American Rock-
well and was successfully implemented on both the B-1 and
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Table 1 B-1 aircraft linear model

A=
—-10.0 0 0 0 0 0 0 0
0 —-50.0 0 0 0 0 0 0
—0.2529 —0.0035 —0.9850 0.9539 —0.0128 0.0049 —0.0001 —0.0005
—15.7550 0.2905 -9.9701 —1.8641 —0.4931 0.4754 —0.0149 -0.0015
0 0 0 0 0 0 1.0 0
0 0 0 0 0 0 0 1.0
—2971.7 —-57.0 —194.1 —-173.4 —380.6 37.2 —-4.6 1.9
313.9 -31.0 —1470.4 —89.7 -9.7 -1578.9 -04 -4.9
B =
10.0 0 0 —_— —_ —_ —_ _—
0 50.0 0 — —_ —_— —_ —_—
0 0 —0.0010 —_ _— —_— —_— _—
0 0 —-0.0106 —_ _ —_ —_— _—
0 0 0 —_— _ —_— —_ —_
0 0 0 — —_— _ —_ —_—
0 0 —0.2061 —_ —_— —_ _ —_—
0 0 —1.5609 —_— -—_ — _ _—
C=
0 0 0 1.0 0 0 0.0047 0.0057
—27.9860 —0.1558 ~19.2971 -3.1952 —2.3450 —8.3805 —0.0388 —0.0209
8.4571 —-0.1110 20.2640 0.6177 -1.0197 —3.3898 —0.0119 —0.0018
—1.1958 2.7961 16.1391 —-0.7979 6.2202 22.1817 0.0396 0.0134
D=
0 0 0 —_— —_ —_ —_— _—
0 0 —0.0205 — — —_ — —_
0 0 0.0215 —_ —_ — _ —
4} 0 0.0171 —_ —_ _ —_ —_—
notch filter both the first and second bending modes, with a slight reduc-
ion i -period m mpin, vi h
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Fig. 1 SAS and SMCS for the B-1 aircraft.

XB-70 aircraft.® The ILAF flight control system is shown in
Fig. 1. The control system consists of two parts: the stability
augmentation system (SAS) and the structural mode control
system (SMCS). The SAS was designed by blending a pitch
rate gyro signal and the vertical acceleration signal, both from
the vehicle center of mass, and feeding the resulting signal
to the elevator. A notch filter is included in the SAS to reduce
the effect of the first bending mode on the pilot commanded
response.

The SMCS is used to reduce vibration at the cockpit of the
aircraft due to turbulence and is pilot selectable. The ILAF
design concept involves subtracting a vertical acceleration sig-
nal taken near the vehicle center of mass from a vertical accel-
eration signal taken near the cockpit. The blended signal is
then fed through a lag filter, which represents a high-frequency
approximation of an integrator. The blended acceleration sig-
nal is approximately integrated to a velocity signal that is fed
to the control vane. This configuration sets up a root locus
wherein zeros are placed at lower natural frequencies than the
structural mode poles and the rigid-body mode remains rela-
tively unaffected. Figure 2 depicts the root locus of the SMCS
with the SAS elevator feedback loop already closed. The root
locus in Fig. 2 represents the possible root locations due to
variations in the SMCS feedback gain that acts on the blended,
approximately integrated, acceleration signal and is fed back
to the structural mode control vane. The root locus demon-
strates that the ILAF concept will improve the damping of

value of 0.13 to a closed-loop value of 0.23, whereas the sec-
ond bending mode damping ratio was increased from 0.06 to
0.08. With both the SAS and SMCS loops closed, the short-
period mode damping ratio was increased from an open-loop
value of 0.39 to a closed-loop value of 0.54.

It is important to recognize that the ILAF concept does not
yield ‘‘tight,”’ high bandwidth feedback loops and usually re-
sults in very low feedback gains. Since the open-loop aircraft
dynamics are stable and inherently provide at least acceptable
flying qualities, the purpose of the SAS/SMCS is to tune the
aircraft dynamics to improve the aircraft flying qualities to a
satisfactory level. As noted previously, the B-1 pilot is able to
turn the SMCS on and off from the cockpit. The root locus in
Fig. 2 clearly shows that the SMCS gain can be set to zero
without leading to instability. In addition, the root locus also
shows that the SMCS gain can be increased to (positive) infin-
ity without causing an instability. The SAS serves only to in-
crease the short-period damping from an open-loop value of
0.39 to a value of 0.60 (with SAS loop closed and SMCS loop
open). Consequently, it should come as no surprise that the
SAS/SMCS has very large stability margins, a fact that will be
confirmed in Sec. V of this paper.
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Fig.2 SMCS root locus.
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Fig. 3 Standard structured singular value analysis diagram.

The resulting SAS/SMCS control system is very simple in
structure, consisting of three gains and two filters. The control
system is multivariable because three feedback signals are used
in conjunction with two control effectors. However, the con-
trol system was designed by sequentially closing the feed-
back loops of the SAS and SMCS. The control system robust-
ness evaluation will be conducted in the following sections of
this paper assuming uncertainty occurs in both feedback loops
simultaneously.

III. Review of Structured Singular Value Analysis

The structured singular value analysis technique provides a
tool that can measure robust stability and robust performance
of a multivariable control system. The structured singular
value analysis technique was developed initially by Doyle®!!
and has received wide acceptance. Consequently, the struc-
tured singular value analysis technique provides an ideal tool
to form and test multivariable flight control system evaluation
guidelines.

The structured singular value analysis technique requires
construction of a special block diagram for analysis. The most
general form of the diagram is shown in Fig. 3. Model uncer-
tainty is represented by the block Ag, whereas a robust per-
formance requirement is represented by the block A,. The
A matrix is defined by

(A, 0
A_<0 As> M

The transfer function matrix M, defined by

My, M12>
M= 2
<M21 M22 ( )

represents the aircraft and flight control system transfer func-
tion-components ‘‘seen’’ by the uncertainty and performance
requirements contained in A.

Doyle has shown that, assuming nominal stability, the con-
trol system will be stable for all uncertainty Ag whose maxi-
mum singular value is bounded by

5(As) < ag 3

where «y is defined as the inverse of the maximum structured
singular value p,,, (with M>, evaluated over positive frequen-
cies), or

1
= — 4
s fmax(M22) @

The structured singular value p takes into account the ‘‘struc-
ture’’ of the model uncertainty through the definition of A.
For the cases addressed in this paper, the model uncertainty
and performance requirements will be mutually exclusive so
that A becomes a diagonal matrix of one-by-one blocks. The
computation of u involves scaling each of the one-by-one
blocks to minimize conservatism of the robustness predictions.
The Frobenius norm scaling technique'? provides an approxi-

mate upper bound measure of the structured singular value
and is used for all of the results reported in this paper. Because
the scaling technique yields an upper bound, the results pre-
sented in this paper can be viewed as optimistic.

Robust performance is measured by including the structure
of both Ag and A,, which yields

a(A)<a, (%)
where
B
T (M) ©

Doyle’s results can be used to provide a measure of stability
robustness and performance robustness, through the parame-
ters as and «,, respectively. These measures can also be inter-
preted as evaluation guidelines. For example, a minimum
value for a5 or o, can be recommended and will be the subject
of this paper.

IV. Analysis Block Diagram Construction

For this evaluation, a structured singular value analysis dia-
gram will be constructed to reflect the specific design objec-
tives of the ILAF control scheme. The design objectives are to
maintain stability, transient response performance, and turbu-
lence response performance in the presence of bounded model
uncertainty. Figure 4 shows the complete evaluation diagram
for the flexible aircraft robustness evaluation. Each é in Fig. 4
represents either a bounded model uncertainty or a perfor-
mance requirement. The definition and formulation of each é
will be discussed in the remainder of this section.

The current military flight control system specification rec-
ommends that stability robustness be measured using gain and
phase margins in each control loop, with all of the other loops
closed at their nominal gain values. The structured singular
value technique can be used to measure stability robustness to
gain and/or phase variations occurring simultaneously in all
feedback loops. To measure stability robustness, a complex
uncertainty parameter is inserted into each feedback loop of
the closed-loop control system. Uncertainties will be placed in
the control input paths (as opposed to the feedback response
paths) for this evaluation. The uncertainty parameters 63 and
64 in Fig. 4 represent bounded modeling uncertainties in the
elevator and control vane feedback paths, respectively. As a
result, the uncertainty block Ag can be defined as

(8 0
As—<0 64> @)

low-order
equiv. system
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Fig. 4 Analysis diagram for the SAS/SMCS.
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Typically, performance requirements cannot be described
simply by a complex-valued parameter. In most cases, a
weighting filter must be used to completely describe the perfor-
mance requirement. A useful form for the performance speci-
fications is

[fU)p(Uo)e<1 ®

where f(s) is the system transfer function of interest, p(s) is a
performance weighting filter, and the || (-)|| notation denotes
the H* norm or the largest maximum singular value over
positive frequencies. Two performance requirements are con-
sidered, one related to the objective of the SMCS, which is to
reduce the effect of turbulence, whereas the other is related to
the purpose of the SAS, which is to augment the aircraft
transient response. The performance block is then

A_(al 0> o
?7N0 6, ©)

Turbulence Response Performance

The objective of the SMCS is to shape the aircraft response
at the cockpit location resulting from turbulence inputs. A
plunge velocity turbulence input can be specified by a power
spectral density ®,, and an intensity ¢%. The power spectral
density is usually defined by the Dryden form,*

by 2w 112/ VR
"7 Y [T+ 4L/ VP

(10)
where the characteristic length L, is here assumed to be 25 ft
and V' =942 ft/s.

Assuming the transfer function from the turbulence input
to the vertical acceleration at the aircraft cockpit is f(s), the
power spectral density for output, represented by ®,,,, is
given by

‘bnzp(w) = If(./'w)| 2<I’w(‘-‘))o‘%w (1

The SMCS design objective might be described mathematically
as the desire to shape the cockpit response power spectral
density such that ®,,,(w) <r(w) for some frequency-dependent
function r(w). Wykes considered a design specification for the
SMCS that intended to restrict the steady-state rms value of
the pilot’s head.!® Consequently, the specification limited the
amount of head motion due to turbulence so that the pilot
could comfortably read the cockpit instruments. The SMCS
performance requirement will have the form

1
v? = I T(jw)|?@yp(w)<riw) 12

where T(s) represents the transmission of acceleration through
the vertical axis of the human body.

There has been some debate about the exact response of the
human head when the body is excited by vertical vibrations.'
Primarily, the differences in experimental data can be at-
tributed to differences in experimental apparatus, input excita-
tion, and seat characteristics. Nevertheless, most experimental
data indicate a slight resonance near 4.5 Hz (28 rad/s). The
human response function chosen for this study is

282
s2+42(0.5)28s + 282

T(s) = 13)

Using the previous human response transfer function, the
design requirement becomes

VAT )| (@) *®u(w) <r(w) (14)

The frequency weighting function r(w) was chosen using Eq.
(14) with f(s) representing the aircraft response when only the
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Fig. 5 Turbulence response weighting filter.
SAS is operating. The function r(w) is chosen as
r(w) = (10/152)(15%2 + «?) (15)

The weighting function r(w) is shown as a solid line along with
the left side of Eq. (14) for both the SAS only (dashed-dot line)
and the SAS/SMCS (dashed line) in Fig. 5. Note that r(w) is
slightly larger than the SAS only response, whereas the SAS/
SMCS response is much smaller than r(w).

Equation (14) can also be written as

o,
V2 T(a)| 21 f )2 ﬁ <1 (16)

Equation (16) is in the appropriate form for implementation
in the analysis diagram with the frequency response of a filter
pi(s) chosen so that

s,
P = V2T ()2 22 a7
r@)

A practical turbulence response performance weighting filter is
then

) — V(28) 2L, 1+2V3(L,s/V)
PR = 23200050285 + 282N Vi [1+2(Ls/ V)]
U &
VI0(s +15)

(18)

or

16.7V2(s +10.9)
(s +18.8)2[s? +2(0.5)28s +282](s + 15)

pis) = 19

Turbulence performance is represented in Fig. 4 by the path
from w; to z; and the block é,.

Transient Response Performance

In a recent technical paper, authors Moorhouse and Kiss-
linger!® remarked: ‘It is normal to assess the robustness of the
design system stability in the face of plant uncertainty. It
would be beneficial to conduct research into techniques for
ensuring an analogous robustness with respect to purity of
response.”’

The purity of response terminology in the previous quote
refers to deviations from a ‘‘pure’’ second-order response re-
quired by the military flying qualities specifications. This re-
mark also provides a motivation for investigating transient
response performance robustness.

Many flying qualities requirements are based on parameters
defining an equivalent low-order representation of the actual
aircraft response. The error that results from the equivalent
system formulation has been under study to determine the
largest allowable mismatch. The current military flying quali-
ties specification includes a requirement on the ‘“‘added dy-
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Fig. 6 Added dynamics specification.

namics’’ that frequently result from additional control system
modes and can degrade pilot ratings. The specification was
obtained by examining pilot rating differences between pairs
of in-flight simulated responses that included various dynamic
modes added to low-order equivalent models. Differences that
resulted in a pilot rating change of one unit (Cooper-Harper
scale) were used to define an envelope of maximum unnotice-
able added dynamics.

The added dynamics includes any dynamics in the vehicle
closed-loop response that are not represented in the equivalent
system dynamics. Therefore, the added dynamics specification
limits the deviation of the actual closed-loop response from the
pure, low-order, equivalent system form. The added dynamics
specification consists of upper and lower magnitude and phase
bounds that are depicted in Fig. 6. The response of the added
dynamics should lie inside the envelopes depicted in Fig. 6.

The upper and lower magnitude bounds of the added dy-
namics bounds are frequency-dependent functions. The upper
bound m, (w) is defined by

3.1652+31.61s +22.79
u = 20
ules) ‘ 2427 14s+1.84 |, 20
the lower bound m,(w) is expressed by
0.09552+9.925 +2.15
= 21
mi() ) s2+11.65+4.95 |, @)

As a measure of equivalent system mismatch, these magnitude
bounds are applicable to longitudinal axis, pitch-rate response
transfer functions as they were originally developed from NT-
33 flight test data.* These frequency-dependent functions will
be used herein as the ‘‘template’’ of a performance require-
ment that will limit the deviation of the closed-loop pitch-rate
frequency response from a simplified, low-order equivalent
model of the aircraft response.

A low-order equivalent model of the pitch-rate response of
the aircraft (with SAS/SMCS closed) was found using the
internally balanced model reduction algorithm.'® The low-
order equivalent model defines go(s) as

Kq(S + 1/702)

_— 22
52+ 2f5p wepS + w3, @2)

go(s) =

where K, = —4.0 (rad/s?), 1/7=1.06 (1/5), &, =0.43, and
wsp =2.53 (rad/s). Figure 7 shows the nominal closed-loop
pitch-rate frequency response g (jw) inside the added dynamics
specification. Note that the peaks at high frequency are due to
the bending modes of the aircraft. The magnitude of these

20

40 [ S

—— Vehicle Rasponse g(s)
-30 — — ~ Upper Spec Bound
40 — - - Lower Spec Bound ~

Magnitude (dB)
N
(=]

0.1 1 10 100
Frequency (rad/sec)

-100 =
-150 >
200 ,_._—-———;—_,_. \

250 S

-300 4
-350 e

-400

Phase (deg)

0.1 1 10 100
Frequency (rad/sec)

Fig. 7 Vehicle response inside specification.

peaks and their subsequent effect on the aircraft response to
pilot commands motivated the addition of the 20 rad/s notch
filter in the elevator loop of the SAS/SMCS design.

The added dynamics specification will be used as a template
for a flying qualities robust performance requirement. The
specification will be interpreted for this research as a bound on
how far the vehicle response can vary due to modeling uncer-
tainty before the pilot rating will be affected. The added dy-
namics specification magnitude can be written in the following
form:

m(w)|go(j )| <|g(jw)| <|go(jw)|m(w) (23)

where g(s) is the aircraft pitch-rate response from the longitu-
dinal stick input and g,6(s) is the low-order equivalent of g (s).

By adding and subtracting go(/jw) to Eq. (23), the following
equation results:

m()|go(j)| <|go(jw) ~ [goljw) —g(jw)]| < !go(jwnmug‘)‘)
If | go(jw)| > |go(jw)— g(jw)|, then the left side of the inequal-
ity (24) is satisfied if
mi(@)| o) <|go(jw)| — [2o(jw)—g(jw)| @5)
Solving for the difference between go( jw) and g(jw) yields
lgo(jw)—g () <[1-mw)]|gojw)| (26)

or

. . 1
1go(jw) —g(jo)] {[1 T ]go(jw)& <1 @n

Similarly, the right side of the inequality (24) is satisfied if

1
o 1
|go(jw) ~2(jw)| {[mu(w)vl]lgo(jw)1}< 28)

The requirements of the upper and lower magnitude bounds
can be combined if one weighting filter p,(s) can be found such
that

1
[1=m(w)]|go(jw)

<[ paAjw)|

and
1

[m,(@)—1]]2o(iw)]

<|pjo)| (29)
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Fig. 8 Stability robustness strnctured singular values.

The transient response performance weighting filter was
chosen from Eq. (29) and is

(s242.1765 + 6.4)(1.1752+29.63 + 7.33)
4(s + 1.06)(s>+4.15 +4.4)(1000s + 1)

pas) = (30)

Transient response performance is represented in the analysis
diagram of Fig. 4 by the path from w, to z,, which includes the
performance block 8,.

V. Robust Stability Evaluation Results

The stability robustness characteristics of the SAS/SMCS
system are determined by computing the structured singular
values of My, where M,, is defined by

()-(2)
24, Wy,

The structured singular values of My, are shown as the solid
line in Fig. 8. The peaks evident in the structured singular
value curve correspond roughly to the aircraft short period
(2.6 rad/s) and the first (19.7 rad/s) and second (40.0 rad/s)
fuselage bending modes in order of increasing frequency. The
maximum structured singular value of p.c(M3;)=0.56 occurs
near 3.0 rad/s and defines the stability robustness parameter
ag=1/0.56=1.8. For reference, the long dashed line in Fig. 8
shows the singular value curve for the case when only elevator
loop uncertainty &; is considered, whereas the short dashes
depict the case when only control vane loop uncertainty 8, is
considered. It is interesting to note that the elevator loop is
most affected by uncertainty near the short-period natural
frequency, and it is hardly affected at all by uncertainty near
the structural mode frequencies. The control vane loop is most
affected by uncertainty near the first bending mode frequency
with significant peaks also occurring near the short-period and
second bending mode frequencies.

Many researchers have interpreted the stability robustness
parameter as an equivalent multiloop gain and phase (stabil-
ity) margin.!’-'® The positive gain margin GM,, is usually de-
fined by

GMpos =1+ ag (32)
whereas the negative gain margin GM,,, is defined by
GMyey =1 — oy 33

where g is less than one. The multiloop phase margin is de-
fined by

2 — 2
PM = :tcos“< Zas> (34)

For the SAS/SMCS, the stability robustness guideline is a
positive gain margin of GM,,.s= + 8.9 dB and phase margin of
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Fig. 9 Performance robustness structured singular values.

PM = +125 deg. The negative gain margin is not defined in
this case because og is greater than one. As mentioned previ-
ously, both loops of the SAS/SMCS can be opened completely
without causing an instability because the open-loop system is
stable.

Because computation of the structured singular value is
somewhat complicated and algorithms are not yet standard-
ized, it may be more useful to reformulate the robustness
guidelines into a form that does not require the structured
singular value. The translation is fairly easy for the stability
robustness guidelines. Given a specification on the allowable
value of ajg, verification of the gain margin guidelines can be
obtained by randomly varying the loop gain in each feedback
loop within the range of (1 —ag, 1+as) and computing the
eigenvalues of the perturbed closed-loop system.!® Verification
of the phase margin guidelines can be made by repeated com-
putation of the system return difference matrix determinant.

In summary, this evaluation reveals that flight control sys-
tems similar to the SAS/SMCS should have a positive gain
margin of 8.9 dB and phase margin of +125 deg in each
feedback loop. For new aircraft or design studies, this guide-
line can be verified by repeatedly varying each loop gain or
phase and checking system stability. Alternatively, the stability
margins could be verified by computing the structured singular
values of M,, and showing that the inverse of the maximum
structured singular value is greater than ag=1.8.

VI. Robust Performance Evaluation Results

Turbulence Response Performance

The structured singular values that measure robust turbu-
lence response performance are shown as the dashed line in
Fig. 9. Robust turbulence response performance is measured
by computing the structured singular values of the M matrix
defined by

21 Wi
23 | =M w; (35
24 Wy

Robust turbulence response performance is measured from
the peak value py. (M) of the structured singular value curve
shown as the dashed curve in Fig. 9. The peak occurs near 8
rad/s and has a value of uy.(M)=1.2. The peak also defines
the turbulence performance robustness parameter o, by

oA <oy = =0.83 © (36)

“max(M)

The robust performance guidelines can also be translated
into a form that does not require the computation of the
structured singular value for verification. Recall that each per-
formance weighting filter was chosen using form

[fU)p(o).<l (37
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assuming f(jw) includes no uncertainty. The maximum struc-
tured singular value determines a value of «, such that

oS (@) p(Jw)e<1 (38

when f(jw) includes an uncertainty bounded by «,. The factor
o, measures the amount of degradation in performance ex-
pected from feedback loop uncertainty.

The new robust turbulence response requirement is obtained
by interpreting the factor o, as a modification of the nominal
weighting filter p(s) to account for the performance degrada-
tion caused by uncertainty. Rewriting Eq. (38) as

[fG ) app(jo)lle<1 (39)

one can see that the new performance robustness requirement
is simply the nominal performance requirement multiplied by
the value of «,.

The new turbulence response robust performance require-
ment is most easily expressed by Eq. (14) with r(w) replaced by
(Vep)r(w),

VAT )P (o) *@u(w) <(1/ap) r(w) (40)

or

VAT ) 2B @ <~ 2 (15246 (@D)
ap 152

Figure 10 shows the new turbulence response robust perfor-
mance guideline with o, =0.83 as the dashed line. The nominal
performance filter is shown as the dash-dot line. Note that the
robust performance requirement is larger (more lenient) than
the nominal requirement.

The turbulence performance robustness guideline essentially
states that the turbulence response performance can degrade
by a factor of 0.83, with complex uncertainty of magnitude
less than 0.83 introduced into each feedback loop. To compare
this interpretation to the new guideline, the elevator loop gain
was increased by a factor of 1.8, the control vane loop was
decreased by a factor of 0.2, and the resulting cockpit power
spectral density [left side of Eq. (41)] is shown as the solid line
in Fig. 10. Note that the response of the closed-loop system
with gain uncertainty violates the nominal performance re-
quirement but lies below the robust performance requirement.
The uncertainty limit can also be stated in terms of equivalent
loop gain or phase using Eqgs. (32-34) to produce equivalent
loop gain uncertainty values of +5.2 and —15.4 dB and loop
phase uncertainty of 49 deg.

To compare the turbulence performance robustness of a
new control system with this example, the structured singular
values of the M matrix defined in Eq. (35) can be computed.
If the inverse of the maximum structured singular value is
greater than 1.2 for the new design, one can claim that the
turbulence performance robustness is improved over the SAS/
SMCS example studied herein. Alternatively, the loop gain
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Fig. 10 Turbulence response robustness guideline.

of the feedback system can be varied between +5.2 and
—15.4 dB or the phase varied in the range of +49 deg, and the
frequency response of V2| T(jw)| 2| f(jw)|2®,(w) can be com-
pared with the solid line in Fig. 10. As long as the frequency
response of V2| T(jw)|?|f(jw)|>®,, (w) lies below the solid line
for all gain and phase variations, the new system can be said
to have equivalent (or better) turbulence performance robust-
ness than the SAS/SMCS example.

Transient Response Performance

The structured singular values that measure robust transient
response performance are shown as the solid line in Fig. 9. The
M matrix for robust transient response performance is

22 wy
Z3 =M w3 (42)
<4 Wy

The maximum structured singular value of the dotted tran-
sient response performance robustness curve in Fig. 9 yields a
value of pum.(M)=3.3. As a result, the transient response
performance can degrade by a factor of 0.3 for loop gain
uncertainty of + 2.3 and — 3.1 dB or loop phase uncertainty up
to +£17 deg.

The transient response performance robustness results can
be translated into a frequency response envelope form. Recall
that the transient response performance filter was chosen such
that

1
[1-m()][golie)|

< | pa(Jw)|

and
1
[ (w)— 1] [go(Jw)|
Assuming that p,(s) was chosen to exactly match the nominal

lower bound requirement m,(w), the new robust lower bound
requirement 77,(w) is obtained from

<|pa(jw)| “43)

1 L 1
=@ ata) 2PV = T iG]
(44)
Solving for #1,(w) yields
(@) =1+ (1/ap)[my(w) — 1] (45)

Similarly, the upper bound of the new robust performance
requirement is

(@) = 1+ (1/a) [, (@) — 1] (46)

Therefore, the new robust transient response performance
guideline can be written in terms of the nominal added dynam-
ics specification,

{1+ (/e @)~ 1)} lgotio) <lg (o)

<lgo(je] {1+(1/e) [ (@) - 1]} @7

Note that Eq. (47) is the same as Eq. (23) when o, =1.

Figure 11 shows the robust transient response performance
guidelines for o, =0.3. The solid line in Fig. 11 is the vehicle
response with a gain uncertainty of 0.7 magnitude placed in
both the elevator and control vane input paths. Note that the
vehicle model with uncertainty lies within the predicted robust
performance response bounds. The vehicle response with un-
certainty would most certainly violate the nominal added dy-
namics specification bounds.
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Fig. 12 Robust and nominal added dynamics specification compari-
son.

It is interesting to compare the original added dynamic spec-
ification to the new robust performance guideline. This com-
parison is made in Fig. 12 where the new guideline is repre-
sented by the heavy lines and the added dynamics specification
is shown by the finer lines. One can clearly see the larger
envelope defined by the robustness guideline, which allows for
a limited amount of performance degradation due to model
uncertainty.

To summarize the transient response performance guideline
results, the inverse of the maximum structured singular value
of the M matrix defined in Eq. (42) must be larger than 0.3 for
a new design to have improved transient response performance
over the SAS/SMCS. Verification of this performance level
could also be obtained by repeatedly varying the feedback loop
gain in the range of +2.3 and — 3.1 dB or the loop phase in the
range of =17 deg and by checking that the magnitude of the
closed-loop pitch-rate response lies inside the envelopes de-
picted in Fig. 11.

VII. Conclusion

The results of this evaluation establish stability and perfor-
mance robustness guidelines for large, flexible aircraft flight
control systems. Unfortunately, without a basis for compari-
son, one cannot assign a relative merit to the reported robust-
ness levels. However, the reported guidelines can be used to
compare new control system designs to a control system that
was designed using proven, successful design concepts.

Perhaps the most important contribution of this research is
in the construction of structured singular value analysis dia-
grams using design objectives specific to flight control sys-
tems. In particular, performance weighting filters were gener-
ated for turbulence and transient response objectives using
concepts from flight control and flying qualities studies. As a
result, one can conclude that at least some of the past flight
control experience gained over the years and documented in

the military specifications can be used to formulate new guide-
lines for control systems designed specifically to improve ro-
bustness characteristics.
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